Abstract -A statistical description of the all-particle cosmic-ray spectrum is given in the 10 14 eV to 10 20 eV interval. The high-energy cosmic-ray flux is modeled as an ultra-relativistic multicomponent plasma, whose components constitute a mixture of nearly ideal but nonthermal gases of low density and high temperature. Each plasma component is described by an ultra-relativistic power-law density manifested as spectral peak in the wideband fit. The "knee" and "ankle" features of the high-and ultra-high-energy spectrum turn out to be the global and local extrema of the double-logarithmic E 3 -scaled flux representation in which the spectral fit is performed. The all-particle spectrum is covered by recent data sets from several air shower arrays, and can be modeled as three-component plasma in the indicated energy range extending over six decades. The temperature, specific number density, internal energy and entropy of each plasma component are extracted from the partial fluxes in the broadband fit. The grand partition function and the extensive entropy functional of a non-equilibrated gas mixture with power-law components are derived in phase space by ensemble averaging.
mixtures thereof, starting with the spectral number density parametrized with the Lorentz factor. We then define the specific number count and the internal energy of the gas components, as well as their entropy density. After this overview, we discuss the phase-space measure and probability density of nonthermal power-law ensembles, and derive the grand canonical partition function and the extensive entropy functional of multi-component powerlaw mixtures involving different particle species at different temperature.
We discuss the practical aspects of broadband spectral fitting with flux densities of classical unequilibrated (stationary non-equilibrium) power-law mixtures in the ultra-relativistic regime, and perform the spectral fit of the all-particle cosmic-ray spectrum above 10 14 eV. The spectral flux density of a power-law distribution admits a power-law ascent linear in the log-log flux representation, and a curved descending power-law slope. The curvature is caused by the exponential cutoff determined by the temperature parameter of the Boltzmann factor [18, 19] . The broadband spectrum of the all-particle mixture consists of overlapping spectral peaks generated by the partial fluxes of the individual plasma components. By choosing a suitable flux representation (double-logarithmic E 3 F (E)), we find secondary knees and ankles in the all-particle spectrum. We calculate the thermodynamic parameters of each gas component, and estimate the entropy production of high-energy cosmic rays.
Mixtures of ultra-relativistic gases in stationary non-equilibrium. -An ultra-relativistic classical gas mixture composed of nonthermal power-law components is defined by the spectral number density
parametrized by the Lorentz factor γ. The positive spectral functions G i (γ) in the denominator of the power-law components dρ i (γ) are normalized as G i (1) = 1 and are to be determined from a spectral fit. An M -component mixture is composed of particle species
where m i is the mass and Z i the (positive or negative) integer charge number (in multiples of the electron charge e > 0) of the particles in the respective component (Z i , m i ). The mass parameter m i is a shortcut for m i c 2 , so that E = m i γ is the particle energy in an ideal gas mixture. s i is the spin multiplicity and β i = m i /(k B T i ) the dimensionless temperature parameter, with Boltzmann constant k B . The mixture need not be equilibrated, admitting components at different temperature. The densities (1) are based on grand canonical partitions, allowing a fluctuating particle number via the dimensionless real fugacity parameter α i , which is related to the chemical potential μ i of each gas component by α i = −β i μ i /m i , and z i = e −αi is the fugacity. The ensemble average leading to (1) is discussed in the next section. The spectral function G i (γ) is a linear combination of two power laws,
where δ i and σ i are real power-law exponents and the amplitude a i is positive. Spectral functions of this type are thermodynamically stable [18] and suitable to model wideband spectra [20] [21] [22] . Quantized power-law ensembles with a i = 0 have been studied in [23, 24] .
The total particle number
N i and the inter-
U i of a nonthermal gas mixture in a volume V are determined by the partial densities dρ i (γ) in (1) ,
The lower integration boundary is the cutoff Lorentz factor γ 
Apparently ξ i = N i holds for this classical distribution, and Z mix is the product of the individual components Z (Zi,mi) . Z mix depends on the temperature variables β i and the fugacity parameters α i ; the latter can be parametrized by particle number and temperature,
, by solving (4). The entropy of a nonthermal gas mixture is an extensive quantity, Power-law partitions of multi-component mixtures in phase space. -We give a probabilistic derivation of the classical spectral number density dρ mix (γ) of an ultra-relativistic gas mixture in stationary nonequilibrium, cf. (1) . To this end, we consider the phase space of n particles of a gas component (Z i , m i ) labeled by charge number and mass in an M -component mixture,
The d 3 q k integrations range over a volume V , and the dγ k integrations refer to the interval γ
is the cutoff Lorentz factor of the respective gas component (Z i , m i ). The angular integration over the solid angle dΩ has been carried out in (6) and gives the factor 4π. The scale factor (2πh) 3n renders the measure dimensionless.
Probability density and grand partition function of mixtures with power-law components. The probability density on the n-particle states of a gas component (Z i , m i )
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Power-law partition and entropy production of high-energy cosmic rays factorizes as
The factor 1/n! accounts for the indistinguishability within the particle species labeled (Z i , m i ), and the positive integer s i for the spin multiplicity of this component.
is the temperature parameter of the respective gas component, and ξ i is a normalization constant.
The normalization condition for the phase-space probability of an M -component mixture is
where summation and integration sign can be interchanged, as well as the integration and product signs. The (p, q) variables of the density and measure will occasionally be omitted. The integrals in (8) factorize into one-particle states, and normalization is achieved by identifying ξ i = log Z (Zi,mi) in (7) with the partition function (4). Thus,
for each gas component (Z i , m i ). The partition function of an ideal mixture factorizes,
Entropy of a nonthermal gas mixture. The expectation values of particle number and internal energy of a gas component 
which is the expectation value s (Zi,mi) of the phase-space
The partial entropies S i stated in (5) are recovered from (13) by substitution of the averages (10) and (11) .
Spectral flux densities of nonthermal mixtures.
-We write the components of the total spectral number density dρ mix in (1) as
with spectral function g i (γ) in (2), and replace the Lorentz factor by the particle energy γ = E/m i . The mass m i stands for m i c 2 , s i is the spin degeneracy of component (Z i , m i ), cf. after (1), and z i = e −αi the fugacity.
, and δ i is a real power-law exponent. The amplitude of the second power law in g i (γ) = 1 + a i γ σi is positive, a i ≥ 0, and we will use positive exponents σ i . Hence,
where we introduced the
We also note e −αi = z i m δi i (1 + a i ). We will use dimensionless quantities: E and m i in eV units, and the units chosen for length, time and temperature are, respectively, meter, second and kelvin.
The spectral flux density of a gas component is found by multiplying the number density (15) with the particle
Density F i (E) is the number flux density per steradian; the energy flux is obtained by rescaling F i (E) with E. (20), as well as the partial entropy densities Si/V , cf. (22) . The fourth row lists the total specific densities Nmix/V , Umix/V and Smix/V of the gas mixture, cf. (3) and (5) . The entropy production is mainly due to the fugacity term in (22) , and varies only weakly with particle mass, since the fugacities logarithmically enter the partial entropies. Fugacity, chemical potential and entropy are listed for a proton gas with mp ≈ 938.27 × 10 6 eV. Helium nuclei with mass mHe ≈ 3.97mp produce an entropy density of S He mix /(kBV ) ≈ 3.8 × 10 −10 , and nickel nuclei with mNi ≈ 58.7mp produce S Ni mix /(kBV ) ≈ 4.2 × 10 −10 , so that the actual mass composition, which is not yet known in the energy range of fig. 1 , cannot significantly change the recorded protonic entropy estimates. At 10 GeV, the He/H abundance ratio is 0.048, and the Ni/H ratio is about 2 × 10 −4 [17] . Wideband spectra are assembled by adding the partial flux densities of the gas components,
To locate the "knees" and "ankles" of the spectrum in log-log plots, it is convenient to rescale F mix (E) with a suitable power E k . The rescaled density E k F mix (E) is thus obtained by adding the partial fluxes
where we defined the amplitudê
using dimensionless quantities, cf. after (16) . In the ultrarelativistic regime, we can drop the factor 1 − m 2 i /E 2 in (18). Typically, the partial density (18) has a peak defined by an ascending power-law slope E 2+k−δi and a descending slope E 2+k−δi−σi terminating in exponential decay. The fitting parameters are the amplitudesŷ i ,â i and the exponents δ i , σ i determining location, height and the two power-law slopes of each peak, as well as the temperature parameterβ i defining the exponential cutoff.
The chemical potential μ i = −α i /β i , temperature and fugacity of each gas component can be extracted from the fitting parameters, cf. (16) and (19):
and
All quantities are measured in units stated after (16). The specific particle density N i /V in (3) reads
where the lower energy cutoff (integration boundary) is related to the Lorentz factor by
, is obtained by adding a factor E to the integrand in (21). The specific densities N i /V and U i /V become independent of the particle mass m i in the ultra-relativistic regime m
1, where the root in the integrand (21) can be dropped, so that the mass is absorbed in the fitting parameters. The partial entropies (5) are assembled from the specific number and energy densities,
where we have put α i = − log z i in (5). Fugacity and temperature are extracted by way of (20) . In the ultrarelativistic limit, we do not need to know the mass of the particles to calculate the specific number and energy densities (21) from the spectral fit. However, mass enters the entropy density through the fugacity, cf. table 1.
The multi-component plasma of high-energy cosmic rays. -The fit of the all-particle cosmic-ray spectrum in fig. 1 is performed with the ultra-relativistic limit of the flux density F mix (E), cf. (18) . We scale this density with E 3 , defining f mix = E 3 F mix (E), so that
The fitting parameters in (23) are the power-law exponents δ i , σ i , the amplitudesŷ i ,â i , and the tempera-
. E is measured in eV units. The ultra-relativistic limit applies, since the fit is done above the cutoff energy E (16) and (19) ; the spin multiplicity is s i = 2.
The all-particle spectrum is fitted with three components, the flux densities f i = E 3 F i (E) generating the overlapping peaks depicted in fig. 1 : (20) , the fugacity and chemical potential via (20) , and the partial entropies via (22) , cf. table 1.
Conclusion. -We have treated the all-particle spectrum of cosmic rays above an energy threshold of 10 14 eV as dilute multi-component plasma at high temperature. The statistical description given here does not involve any hypothetical assumptions on cosmological source or cutoff mechanisms. The contribution of the Coulomb interaction [25, 26] to the partition function is negligible, since e 2 /(4πrk B T i ) 1, with interparticle distance r = (N mix /V ) −1/3 and fine-structure constant e 2 /(4πhc) ≈ 1/137. (Temperature and specific particle density of each component are listed in table 1.) High-energy cosmic rays can thus be considered as ideal gas mixture, unequilibrated though, because of the power-law factors in the distribution functions and the different temperatures of the partial densities (1). Ultra-relativistic power-law partitions admit an extensive and stable entropy functional [18] , based on a grand canonical phase-space average, and this also holds true for non-equilibrated ideal mixtures, as the partition function factorizes, cf. (9) .
The three flux components of the all-particle spectrum depicted in fig. 1 differ in size but not structurally. Each of the partial fluxes admits an ascending power-law slope and a slightly curved decaying slope due to the exponential cutoff in the spectral number density. The power-law exponents and the temperature parameters of the three spectral components constituting the high-energy wideband are quite comparable, cf. (24)- (26) . The descending slope of the third ultra-high-energy peak is not yet well determined by the presently available data points, as illustrated by the large spread of the residuals in this region, and a fourth peak above 10 20 eV is possible [1, 14] .
The spectral power-law densities (15) of the three plasma components have been empirically determined from the spectral fit in fig. 1, cf. (24) - (26) , and the thermodynamic parameters are listed in table 1. In the scaled flux representation E 3 F (E) employed in the broadband fit, the primary knee of the all-particle spectrum at 6 × 10 15 eV and the ankle at 5 × 10 18 eV are the global extrema of the flux density. We have identified two secondary knees as local maxima generated by the spectral peaks of the partial fluxes, and one secondary ankle as local minimum in the cross-over region between the first and second peak, cf. the caption to fig. 1 .
